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Abstract

LSCAT (low-energy photon-scattering expansion for the EGS4[1] code) is a group of
files used to calculate keV-photon transport by EGS4 with an expanded physical model.
In the original version released in 1995 [2], linearly polarized photon scattering[4], bound
Compton scattering and Doppler broadening of the Compton-scattered photon energy[5]
were taken into account. The LSCAT program was further extended to include electron
impact ionization (EIT). The structure of the LSCAT program was changed to join “General
treatment of photoelectric related phenomena for compounds and mixtures in EGS4” [3].
This report describes the physical models employed and relevant modification of EGS4 and
PEGS4. This document also describes how to use the files, flag setting in a PEGS4 input
and in a user code, and the contents of the files.
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1 Method of calculation

1.1 Double differential Compton scattering cross section for a linearly po-
larized photon

Let consider a photon-scattering system as shown in Fig. 1. One completely linearly polarized
photon, whose propagation vector and polarization vector are k—é and €, is scattered at point O.
The scattering polar and azimuth angles are § and ¢. The propagation vector of the scattered
photon is k.

Ribberfors derived a double-differential Compton-scattering cross section for an unpolarized
photon using the relativistic impulse approximation [6]. By modifying Ribberfors’ formula, a
double-differential Compton-scattering cross section for a linearly polarized photon is prepared
for the following calculation:

d2o v (kek\ (ke ko o\ dp.
= T0(Ee¥) (Fe [ B0 94y Pz ;. 1
(dﬂdk)bm 1 (kg) (ko T TR 9) ar, 1P2): 0
where
k_ _ 2
0. = _137k0 k kok(} (iosﬁ)/moc , @)
hiclko — K|
dp, 137k _pz(k—k0c0s0) 3)
dk helko — ke (he)2|ko — k|2
ko
kc = 1 ko ) (4)
+ sezz (1 — cos6)
and
helko — k| = /K3 + k2 — 2kok cos. (5)

7

Here, the subscript “6C ” denotes Compton scattering by a bound electron. Subscript “i
denotes the shell number, which corresponds to each (n,l, m)-th sub-shell; ry is the classical
electron radius, kg and k are the incident and scattered photon energies, respectively, and k.
is the Compton-scattered photon energy for an electron at rest, © is the angle between the
incident polarization vector € and the scattered polarization vector €, p, is the projection of
the electron pre-collision momentum on the photon-scattering vector in atomic units, hc is a
conversion constant, J;(p,) is the Compton profile of the i-th sub-shell[7], 8 is the scattering
polar angle, and mgc? is the electron rest mass. Due to electron binding, the cross section given
by Eq.(1) is 0 when k > ko — I;. Here, I; is the binding energy of an electron in the i-th shell.

Eq.(1) is used in LSCAT in the case that the user requires all of the linearly polarized photon
scattering, Doppler broadening, incoherent scattering function and bound Compton scattering
cross section in Compton-scattering calculations.

1.2 Linearly polarized photon scattering

In this section, formula for sampling the azimuth angle of photon scattering and the scattered
polarization vector are derived. In this process, the relationship between the Compton- and
Rayleigh-scattering formulas for a linearly polarized and unpolarized photon is shown. The
electron-binding effect is ignored here, and will be described in 1.3.



Figure 1: hoton scattering system. An incident photon toward the -direction is scattered
at point O. The propagation vector k—f) and polarization vector €y of an incident photon are
parallel to €, and €, respectively. Here, €, and ¢ are unit vectors along the z- and x-axis.
The scattering polar angle is @ and the scattering azimuth angle from the plane of ¢; is ¢. The
scattered propagation vector is k.



Figure 2: Direction of the polarization vector of the scattered photon. lane S contains éy and
k. € is in plane S, and is perpendicular to k. €  is perpendicular to plane S.

2 E at n ralneally lar e tn n te lar at n et r
t n

The Compton-scattering cross section of a free electron for a linearly polarized photon ( lein-
ishina formula [ ]) is derived by integrating Eq.(1) concerning k£ while ignoring the electron-
binding effect by putting I; = 0,

do 1, kc>2(kc ko ) )
— == — —+——2+4 o). 6
() ¢ 4" (ko) (-2t ©)
Eq.(6) is used for a Compton-scattering calculation with linear polarization in the case that any
electron-binding effect is ignored.

22 E at n ralneally lar e tn n te lar at n et r Rayle

The elastic scattering of a photon by one electron is called Thomson scattering. The Thomson-
scattering cross section per electron for a linearly polarized photon is| ]

(Z—;) = 13 cos® ©. (7)

The elastic scattering of a photon by an atom is referred to as Rayleigh scattering in this
report. The Rayleigh scattering for a linearly polarized photon is calculated by the product of
Eq.(7) and the square of the atomic form factor ( ( , )). Here, is the momentum transfer
calculated by Eq.(25) and  is the atomic number.



2 lar at n et r a attere t n

According to Heitler[10], two directions are considered for €, i e €is either in the same plane as
€y (€7) or is perpendicular to €) (€’ ) As shown in Fig.2, ¢ is in the plane S, which contains k
and €), and is also perpendicular to k. e is perpendicular to the plane S. nder the condition
that ko €, and & €, as shown in Figs.1 and 2, these two polarization vectors, € and €,
are derived as the following functions of § and ¢ :

1 1
€= € — (— sin? 9cos¢sin¢) € — (— cos 0 sin 6 cos (b) €, ()
d
o L (1 NS D
€ =(—cosf|€ — | —sinfsing | €. ()
Here, = \/ cos2 @ cos? ¢ +sin® ¢ , €, €, €, are unit vectors along the x-, y- and z-axis, respec-

tively, and €" and €” are treated as normalized vectors.

24 E at n r alneally lar e t n n t e attern an le

Egs.(6) and (7) for these two directions of € become

do Lo (ke 2 k. ko
— = L2244 1- 1
(4) ¢ 4" () &t 2+e1-sntods (10
do Lo (ke 2 (k. ko )
= = - e 20 9 11
(dﬂ) : 1" <k0) (ko Tk ) (1
and
(da) = 72(1 — sin® O cos? ¢) (12)
Q) 0 ’
do
(dQ) _ 0. (13)

3

By adding Eqs.(10) and (11), Eqgs.(12) and (13), respectively, the following Compton-scattering
cross section and the Thomson-scattering cross section for 6 and ¢ are obtained:

do 1 .2 kN2 (ke ko
— = — =2 14
() .= o2 () (ot g~ 2sin0coss) (14)
and J
(dg) = 72(1 — sin® @ cos? ). (15)
2 E at n ran n lar e t n

The Compton- and Thomson-scattering cross sections per electron for unpolarized photons are
obtained by averaging Eqs.(14) and (15) with respect to ¢ :

do\ 1, (k\? (ke ko
do L % _ 1
(dﬂ) o 2 (ko) (ko t g TS 9) (16)



and )
do 2 2
r + ) 17
( ) | o 1+cos”6 (17)

The Rayleigh-scattering cross section per atom for an unpolarized photon ((do/d€2) | ) is ob-
tained as a product of the square of the atomic form factor ( ( , )) and Thomson-scattering

cross section ((do/dSY) | ),
) - :

2 a In t e attern a t an le an lar at n et r

~—

In LSCAT, ¢ is sampled for the determined € according to Eqgs.(14) and (15). The direction
of the scattered polarization vector is then calculated. It is shown in Eqs.(10) and (11) that a
completely linearly polarized photon is depolarized in Compton scattering according to some

depolarization probability. This depolarization probability, 1 — , is
k kE Kk
1-— :<kﬁo+?0_2> (%+?0—2sin29c0s2¢). (1)

In Compton scattering, either a polarized or depolarized photon is sampled according to this
depolarization probability.  hen the scattered photon is polarized, the direction of the polar-
ization vector is calculated according to Eq.( ).  hen the scattered photon is depolarized, the
direction of the polarization vector is sampled from the direction between €' and €, shown as
Eqgs.( ) and ( ), respectively, at random. In Rayleigh scattering, since there is no probability
for depolarization, the direction of € is always calculated according to Eq.( ).

2 ran r at nt t ela rat ry y te

In the scattering system used here, k_{) and €j are in the direction of €, and €, respectively, as
shown in Fig.1, whereas k_(; and €y may be in an arbitrary direction in the laboratory system.
The scattering and laboratory systems are connected via three rotations, which are calculated
from the direction of ky and € in the laboratory system. sing these three rotations, k and &
are transformed from the scattering system to the laboratory system (See Appendix E ).

2 t t e reent e nlnearly lar e t n attern

Circularly polarized photon scattering is ignored and elliptically polarized photon scat-
tering is treated as partially linearly polarized photon scattering.

Characteristic -rays and bremsstrahlung photons are assumed to be unpolarized.

1. ound Compton scattering and Doppler broadening

In this section, formula for sampling the scattered photon energy and the scattering polar angle
while considering electron binding effect and Doppler broadening are derived. In this process, the
relation among the total bound Compton cross section (o,¢), the incoherent scattering function
( (, )), and the cut off in the Doppler-broadened Compton-scattered photon spectrum is
shown.



D le- erent al n t n- attern r et n

The double-differential Compton cross section of a bound electron for an unpolarized photon is
obtained by averaging Eq.(1) concerning the polarization vector of the incident and scattered

o ke dp. (ke ko
(dek)bCi 2 (k2> dk <k0+kc_sm (’)J( 2)- (20)

By substituting Eq.(3) into Eq.(20) after eliminating the second term on the right-hand side of

photons:

Eq.(3), one obtains an equivalent formula to Eq.(3) of ref.[6].  hen photon transport is per-
formed while considering oy, ( , ) and Doppler broadening, and ignoring linearly polarized
photon scattering, Eq.(20) is used for Compton-scattering calculations.

2 D erent al- n t n- attern r et n

The differential Compton cross section of a bound electron is obtained by integrating Eq.(20)
concerning k based on the assumption that k¥ = k. in the second term on the right-hand side:

1) =3 (i) (i 12 -00)
(dQ)bC,z (k() k0+kc Sln 0 { (ko’e’ )’ (21)

i (ko, 0, )= Ji(pz)dp.. (22)

Here, is the atomic number and

where

; (ko,0, ) is the incoherent scattering function of the i-th
shell electrons in the impulse approximation calculated by Ribberfors and Berggren[11] and
Pim is obtained by putting k = kg — I; in Eq.(2).

electrons in each sub-shell when p; ,, . The differential Compton cross section of one

(ko,0, ) converges to the number of

whole atom is obtained by summing Eq.(21) for all of the sub-shells:
dO' T‘% kc 2 k;c ko
e _To [Fe ke ko )
(dQ)bC 2 (ko) (ko * sin 9) (ko, 0, ), (23)

(kOa 0, ) =

where

i (ko,0, ). (24)
(2

Here, (ko,0, ) is the incoherent scattering function of an atom in the impulse approxima-

tion. Another incoherent scattering function ( (, )), based on aller-Hartree theory[12],

was widely used to treat the electron-binding effect on the angular distribution of a Compton-

scattered photon. Here, is the momentum transfer in A,

—Fole ) (9) . (25)

12.3 2

sing (, ), the differential Compton scattering cross section is

do _ g (ke\? (ke | ko
(d_Q)bC 2 (k0> (k0+k_c_sm 0) G (26)

The close agreement of (ko,0, ) and (, ) for several atoms was shown in ref.[11].

amito et al [24] pointed out the difference of and in the low-energy region. In
LSCAT, Eq.(26) is used for Compton-scattering calculations when incoherent scattering function
( (, ))ista en into account.



tal n t n- attern r et nan t n

By integrating Eq.(26) concerning the solid angle (£2), the total bound Compton-scattering cross
section of an atom is obtained,

do
Opc = (dQ) bC dQ (27)

If the electron-binding effect in the total Compton-scattering cross section is considered in
LSCAT, Eq.(27) is used for the simulation. The photon mean-free path is calculated using opc
instead of o ¢(total free Compton-scattering cross section).

4 a In t n attern lar an lean ener y a attere
tn

In the improved Compton-scattering routine in the E 5S4 code, the distance to the next photon
interaction point is sampled using the photon mean-free path, evaluated by opc ta en from
the DLC- H  OJ13, 14, 15]; the probability of Compton scattering in that interaction is
calculated using opc. After 6 is sampled according to Eq.(26), using (, ) ta en from
ref.[13], the electron sub-shell number is sampled using the number of electrons in each sub-
shell. Then, p;,, is calculated by putting k = ko — I; in Eq.(2) for the sampled 6. The p, is
sampled in the interval (0, 100) using a normalized cumulative density function(c.d.f.) of J;( ),

Ji( )d

RO *)

Here, is a random number between (0,1). The p, value on the right-hand side of Eq.(2 ),
corresponding to the sampled , is used for the calculation. The distribution of p, is equal to
the normalized J;(p;). “100” in Eq.(2 ) comes from the upper limit of the p, value in ref.[7].
The speed down of the Compton-scattering routine in the improved E S4 is negligible, since
sampling of p, is carried out quic ly by the c.d.f. method. henp, > p;,, , it is rejected, and
the shell number “” and p, are sampled again. This sampling is continued until p,  p;n
is satisfied. Then, another rejection by If—o, which corresponds to the second term on the right-
hand side of Eq.(20), is performed. Hereby, the scattered photon energy (k) and the polar angle
(#) were sampled according to Eq.(20).

Together with the azimuth angle(¢) and scattered polarization sampling described in the
previous subsection, scattered-photon sampling following Eq.(1) is performed. The formulas

used in each simulation mode are summarized in Table.1.

t t e re ent e n n tn attern an D ler r a -
en n

The Compton profile of a free atom is used. To treat a compound material, a mixture of
free atoms is assumed and any molecular effect on the Compton profile is ignored.

The Compton-scattered electron energy and direction are calculated using the energy-
conservation and the momentum-conservation law and assuming that no energy absorp-
tion by atoms in the Compton scattering occurs. Then, the electron binding energy is



Table 1: Formulas concerning each simulation mode.

Eq. Simulation mode

1 Compton scattering with L , opc, ( , ) and DB.
Compton scattering with L .

7 Rayleigh scattering with L .

20 Compton scattering with o, ( , ) and DB.

26  Compton scattering with opc and ( , ).

27  Compton scattering with opc.

subtracted from the recoil electron energy. Also, the electron binding energy is deposited
locally.
M at nre ar n n t n attern r t e er n

1. The electron binding energy was subtracted from the recoiled electron energy. Also, this
electron binding energy is deposited locally with TAR =4.

2. The variable was changed into a dimension,

3. ariables - in were changed from single precision to double precision.

4. was changed into to avoid any numerical problem.

5. ( aximum number of shells) was increased from 2 to 100. This was necessary to

treat a compound or mixture which contains heavy elements.

6. “ (, )/ =1lfor > 07 was added.

1. lectron impact ionization
4 EIl r et n

A modification of the E  S4 code was made in order to include -shell electron-impact ionization
(EII) by using six different cross sections of EII: (1) Casnati’s [16] (2) olbenstvedt-revised [17]
(3) olbenstvedt-original [1 | (4) a oby’s [1 | (5) ryzins i’s [20] (6) ryzins i-relativistic
[20]. A list of these cross sections is given shown in the description on in Table. 6. A
guideline to select an adequate EII cross section is described in ref. [21].

EIT is treated as being a part of oller scattering in the E S4 code. either the electron
mean-free path nor the stopping power were modified by including EII. The EII cross section
of an element in a compound and mixture is assumed to be proportional to the atomic density
of that element.




42 a In EIl

The ratio of the -shell EII cross section of J-th element in a material to the oller scattering
cross section is calculated by the following equation:

() = —~— 2)

() =po () Y (30)

where
( ,J) = the cumulative distribution function of the ratio of the -shell EII cross section of
the J-th element in a material to the oller scattering cross section at electron energy E,
() = macroscopic oller scattering cross section at electron energy E,
. () = macroscopic EII cross section of the -th element at electron energy E,
o , () = microscopic EII cross section of the -th element at electron energy F,
p = proportion by number of the -th element in the material,
= density of a material,
o = Avogadro’s number,
= Atomic, molecular and mixture weight for an element, for a compound, and for a mixture.

( ,J) is calculated in , output in material data. In the E S4 calculation, a
-shell vacancy creation by EII is sampled using ( ,J).

4 K- raye nan enery e t n

After a -shell vacancy creation by EII, the emission of a - ray is sampled using the -shell

uorescence yield [22]. This part is common as the calculation after a -shell vacancy creation
by the photoelectric effect. [3] The difference is that no Auger electron nor cascade particle is
followed in the case of EII. The directions of the - ray is assumed to be isotropic. In the case
of - -ray emission, the - ray energy is sampled from up to the 10 - ray energies listed
in [22] according to the relative yield of the - ray. In the case that a - ray is emitted, the
difference in ( shell binding energy) and the - ray energy is deposited locally. In the
case that no - ray is generated (i.e. Auger electron emission), is deposited locally.

44 Ener y an ret n ele tr n ater EII

The energy and direction of electrons after EIl are treated in an approximate way. is
subtracted from the energy of either one of the two electrons related to the oller scattering.
In the case that neither of the two electron has inetic energy greater than | is subtracted
from the energy of both electrons while eeping the ratio of the inetic energies unchanged. The
directions of the electrons after EII are treated as being the same as the electrons after oller
scattering.

4 M at natert e IM a er

The implementation of EII into the E  S4 code was described in ref [21]. The following points
were modified from the description in ref [21]:



Table 2: ew and values for EII

Situation
25 26 An EII interaction is about to occur.
26 27 Returned to OLLER after a call to EII was made.
1. reviously, the - ray energy is sampled from up to the 4 - ray energies. ow, the
- ray energy is sampled from up to the 10 - ray energies listed in [22]. This is due

to a change in the treatment of the photoelectric effect-related phenomena in the E 5S4
code [3]. 2

2. EII of any element in a compound or mixture is treated.

3. The uorescent yield is ta en from Table 3 of ref.[22]. (In a previous calculation in the
I paper, the uorescent yield from Table. 10 of [23] was used.)

After -shell vacancy creation, only the - ray is followed. ether a -Auger electron nor
a cascade photon or electron is followed. The EII in L. and the higher shells are treated as
free-electron  oller scattering, as is in the default E S4.

1. odi cation of speci cations for
M at n te ent n I R 4
The definition of is expanded because, “ art of particle energy is deposited due to the

binding energy.” This situation occurs in one of the following 3 cases:

1. A photoelectric interaction has occurred and the difference in the electron binding energy
and the secondary particle ( ray or Auger electron ) energy is deposited.

2. Compton interaction has occurred and the electron binding energy is deposited locally.
This is enabled only when the Doppler-broadening option is turned on.

3. The -shell EII has occurred and the difference between the electron binding energy and
the secondary particle ( - ray) energy is deposited. This is enabled only when the EII
option is turned on.

2 E ten n I R an 1 r EI1

To call before and after an EII interaction, the range of the and values
were extended as shown in Table 2.

10



1. utline of the modi cation of subroutines

The following E  S4 subroutines were newly created for LSCAT:

Azimuth-angle(¢) sampling at Compton and Rayleigh scattering while considering
the effect of photon linear polarization.

Calculation of €.

Conversion from the scattering system to the laboratory system.

Subtracted from the scattered-electron energy.
Set splitting number of EII -

Call subroutine to judge the -ray Auger emission and determine the ray
energy.

Energy deposition.
Store EII - ray in STAC and apply splitting to it.

Rayleigh scattering of a linearly polarized photon.

The following E  S4 subroutines were modified for LSCAT:

Linear polarization, ( , )/ and Doppler broadening are added.

Return to after calling if the particle at the top of the is a photon.

Readin ( , )/ , Compton profile and EII  oller ratio (R(E,J)).

Call using R(E,J).
These subroutines (except for ) were contained in . Flow-
chart of , Doppler-broadening part of and
were shown in Appendix H. The modification of was contained in
together with other macros for LSCAT. A list of LSCAT in is
shown in Appendix .3. In and , the subroutines and macros for

[13

eneral treatment of photoelectric related phenomena for compounds and mixtures in E S4”
[3] were also contained.
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